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Special elements and locally trivial cocycles in Iwasawa theory
(Hiroki Sumida-Takahashi)




“However, this last statement, on the rank of $E_{n,0}$ is yet unproved, though it looks quite
likely to be true. $\cdots(.|\supset\ovalbox{\tt\small REJECT})’\cdot$ . It is also yet unknown whether or not $i$A(L/F) is regular
for every even index $i$ . ”
$p$ $F_{n}=\mathrm{Q}(\zeta_{p^{n}\dagger 1})$ (\mbox{\boldmath $\zeta$}m 1 $m$ ) $\text{ }$ $E_{n}$ $F_{n}$ F,,
$F_{n}$ $p$ $\mathfrak{p}_{n}$ $U_{n,0}$ $F_{n,\mathfrak{p}_{n}}$
$d_{n}$ : $F_{n}"arrow F_{n,\mathfrak{p}_{n}}$ $\overline{E}_{n,0}$ d $(E_{n})\cap U_{n,0}$ $U_{n,0}$
$F=\mathrm{U}_{n}F_{n\text{ }}.L$ $F$ $p$ $:A(L/F)$ $\Delta$
Gal(L/F) $i$ $A$ $n$-regular $\Gamma_{n}=\mathrm{G}\mathrm{a}1(F/F_{n})$




Baker $p$ Ax [1], Brumer [2]
$K$ $F$ $p$ $p$
$A(K/F)$ regular
Vandiver Greenberg
$F_{n}^{+}=\mathrm{Q}(\zeta_{p}+\zeta_{p}^{-1})$ ( $F_{n}$ )
ndiver $F_{n}^{+}$ $p$ ( $F_{0}^{+}$ $p$ )
$\Leftrightarrow$ $i$ $iA(L/F)$




,. $A(L/F)$ regular $A(L/F)$ $p$
$j$ $jA(L/F)$ $p$ $i$
$iA(L/F)$ $p$ $p$ 3
-Vandiver Greenberg $A(L/F)$ regular
$=\mathrm{V}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}$ Greenberg $A(L/F)$ regular
$=\mathrm{V}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}$ Greenberg $A(L/F)$ regular
2
$M$ (i) $M$ $i$ Tate twist $H^{1}(G\mathrm{Q}_{\infty}, \mathrm{Q}_{p}/\mathrm{Z}_{p}(i))$
$iA(K/F)$ $p$ locally trivial cocycle $iA(L/F)$ $p$
locally trivial cocycle –
locally trivial cocycle
locally trivial cocycle
“Ihus the regularity of the modules $A(K/F)$ and $A(L/F)$ (and also many important
arithmetic properties of the cyclotomic fields $F_{n}(n\geq 0))$ essentially depends upon the
structure of the $G$ -group $E$ , the group of units of the field $Fr$ But we leave the study of
the structure of $E$ to a future publication and mention here only the following fact: Let
$E^{+}$ d$e$note as before, the group of real units in $E$ and $E’$ the subgroup of $E^{+}$ generated by
the sO-called circular units. $\cdot\cdot$ ’
2. General setting
$k$ Gal(k/k) $A\simeq(\mathrm{Q}_{p}/\mathrm{Z}_{p})^{d}$ $T=$
lim=Arpn] $V=T\otimes \mathrm{Q}_{p}$ $S$ $\infty$ $k(A)/k$ $k$
$S$ $k_{S}$ $k$ $S$
$G=\mathrm{G}\mathrm{a}1(k_{S}/k)$ k $k\subseteq k_{\infty}\subseteq k_{S}$ $k$ $p$ Lie
$\Gamma=\mathrm{G}\mathrm{a}1(k_{\infty}/k)$ $k_{n}$ kknk $G_{n}=\mathrm{G}\mathrm{a}1(ks/k_{n})$ nGn=G
Jannsen $[15, 20]$
$E_{2}^{p,q}=E^{p}(H^{q}(G_{\infty}, A)^{\vee}) \Rightarrow\lim_{arrow}H^{p+q}(G_{n},T)$ .
$M^{\vee}=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{Z}_{p}}$( $M$, Qp/Zp)
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$0 arrow E^{1}(H^{0}(G_{\infty}, A)^{\vee})arrow\lim_{arrow}H^{1}(G_{n}, T)arrow E^{0}(H^{1}(G_{\infty}, A)^{\vee})$
$arrow E2(H^{0}(G_{\infty}, A)^{\vee})arrow(\lim_{arrow}H^{2}(G_{n}, T))’arrow E1$ $(H^{1}(G_{\infty}, A)^{\vee})$
$arrow E\mathrm{s}(H^{0}(G_{\infty}, A)^{\vee})arrow 0$ .
$\Lambda=-\mathrm{Z}_{p}[[\Gamma]],$ $E^{i}(M)=\mathrm{E}\mathrm{x}\mathrm{t}_{\Lambda}^{i}(M, \Lambda),$ $( \lim_{arrow}H^{2}(G_{n}, T))’=(\mathrm{K}\mathrm{e}\mathrm{r}$ : $\lim_{arrow}H^{2}(G_{n}, T)arrow$
$E^{0}$ (H2 $(G_{\infty},$ $A)^{\vee}$ ) $)$ Poitou-Tate
$0 arrow\lim_{arrow}P^{0}(G_{n},T)arrow H^{2}(G_{\infty}, A^{*})^{\vee}$
$arrow\lim_{+-}H^{1}$ (Gn’ $T$) $arrow\lim_{arrow}P^{1}$ (Gn’ $T$) $arrow H^{1}$ ( $G_{\infty}$ , Al)
$arrow\lim_{arrow}H^{2}$ (Gn’ $T$) $arrow\lim_{arrow}P^{2}$ (Gn’ $T$ ) $arrow H^{0}(G_{\infty}, A^{*})^{\vee}arrow 0$ .
$P^{i}$ (Gn’ $M$) $=\oplus_{v\in S}$ (IIr7|v $H^{i}$ ( $G_{n,\eta},$ $M$)),
$A^{*}=V^{*}/T^{*}=$ ( $\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{z}_{p}$ (T, $\mathrm{Z}_{p}(1))\otimes \mathrm{Q}_{p}$ ) $/\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{z}_{\mathrm{p}}$ (T, $\mathrm{Z}_{p}($ 1))
$\Gamma\simeq \mathrm{Z}_{p}$ $M$ $\Lambda$ $E^{i}(M)$
[14]
$E^{0}(M)arrowarrow\Lambda^{\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}M}$
$E^{1}(M)\vdasharrow \mathrm{t}\mathrm{o}\mathrm{r}_{\Lambda}M+$ ( $\Lambda^{\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}M}$ $M/\mathrm{t}\mathrm{o}\mathrm{r}_{\Lambda}M$ )
$E^{2}(M)\vdasharrow M$ $\Lambda$
$E^{i}(M)=0$ $(i\geq 3)$
$H^{1}$ $(G_{\infty}, A)$ $\Lambda$- corank Euler-Poincare’
$\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}(H^{1}(G_{\infty}, A))=r_{2}(k)d+\sum_{v\mathrm{r}\mathrm{e}\mathrm{a}1}d_{v}^{-}+$
corank$\Lambda(H^{2}(G_{\infty}, A))$
[8] $r_{2}$ (k) $k$ $k$ $v$ $v$
$V$ $V^{+}$ $V^{-}$ $d_{v}^{\pm}=\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{q}_{p}V$
\pm
[7]
Weak Leopoldt $H^{2}(G_{\infty}, A)arrow P^{2}(G_{\infty}, A)$





$\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}(H^{1}(G_{\infty}, A))=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}(\lim_{arrow}H^{1}(G_{n},T))=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}(\mathrm{K}\mathrm{e}\mathrm{r} : \lim_{arrow}P^{1}(G_{n},T)arrow H^{1}(G_{\infty}, A^{*})^{\vee})$
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$=\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}(\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r} :H^{1}(G_{\infty}, A^{*})arrow P^{1}(G_{\infty}, A^{*}))$ .
$\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\Lambda}(P^{2}(G_{\infty}, A))=0$ $H^{1}$ ( $G_{\infty}$ , A) $\Lambda$-torsion
$\ovalbox{\tt\small REJECT}\overline{\mathrm{k}\ovalbox{\tt\small REJECT}\mathrm{k}^{\backslash }\lim_{arrow}H^{2}(G_{n},T}$) $\iota_{-*_{\backslash }\mathrm{f}\Gamma_{\mathrm{b}^{\text{ }}^{ ^{}-}}\text{ }^{}}$’ ‘ $\text{ }$ 2
( $\mathrm{I}\mathrm{m}$ : $\lim_{arrow-}H^{2}$ ( $G_{n}$ , T)\rightarrow lim $P^{2}($Gn’ $T)$ ) $\simeq$ ( $\mathrm{K}\mathrm{e}\mathrm{r}$ : $\lim_{\vdash}P^{2}($Gn’ $T)arrow H^{0}(G_{\infty},$ $A^{*})^{\vee}$ )
$\simeq$ $(\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}:H^{0}(G_{\infty}, A^{*})arrow P^{0}(G_{\infty}, A’))$ ’.
$( \mathrm{K}\mathrm{e}\mathrm{r}:\lim_{arrow}H^{2}(G_{n}, T)arrow\lim_{arrow}P^{2}(G_{n}, T))=(\mathrm{I}\mathrm{m}:H^{1}(G_{\infty}, A’)^{\vee}arrow\lim_{arrow}H^{2}(G_{n}, T))$
$\simeq(\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}:\lim_{arrow}P^{1}(G_{n},T)arrow H^{1}(G_{\infty}, A^{*})^{\vee})$
$\simeq(\mathrm{K}\mathrm{e}\mathrm{r}:H^{1}(G_{\infty}, A^{*})arrow P^{1}(G_{\infty}, A^{*}))^{\vee}$ .
locally trivial $H^{1}$ $(G_{\infty}, A*)$
$H^{1}(G_{\infty}, A)$V k $\mathrm{Q}$
$\mathrm{Z}_{p}$- $\mathrm{Q}_{\infty}$ , even Dirichlet $\chi,$ $A=(\mathrm{Q}_{p}/\mathrm{Z}_{p})$ (\chi )(i) classical
3. Classical case
3.1. Abelian extensions. $p$ $\overline{\mathrm{Q}}\epsilonarrow\overline{\mathrm{Q}}_{p}$ $\chi$ even Dirichlet
$(\chi(-1)=1)$ $k=k_{\chi}$ (\chi ) $\omega=\omega_{p}$ Teichm\"uller
(C1) $k\cap \mathrm{Q}(\zeta_{p})=\mathrm{Q}$ and $|$Gal(k/Q) $|$ divides $p-1$ .
$S$ $\mathrm{Q}_{S}\supset k$ (\mbox{\boldmath $\zeta$}p) $\mathrm{Q}$ $G_{\infty}=\mathrm{G}\mathrm{a}1(\mathrm{Q}_{S}/\mathrm{Q}_{\infty}),$ $K=k$ (\mbox{\boldmath $\zeta$}p)
$H_{\infty}=\mathrm{G}\mathrm{a}1(\mathrm{Q}_{S}/K_{\infty}),$ $\Delta=\mathrm{G}\mathrm{a}1(K_{\infty}/\mathrm{Q}_{\infty})$ $A=(\mathrm{Q}_{p}/\mathrm{Z}_{p})(\chi)(i)$ (
$\sigma$ $\chi(\sigma)\chi_{cyd}$ (\sigma )i ) inflation-restriction
$0arrow H^{1}(\Delta, A^{H_{\infty}})arrow H^{1}(G_{\infty}, A)arrow H^{1}(H_{\infty}, A)^{\Delta}arrow H^{2}(\Delta, A^{H_{\infty}})$.
$\Delta$
$p$ $H^{1}(G_{\infty}, A)\simeq H^{1}(H_{\infty}, A)^{\Delta}$
$\Delta$
$\psi$ $e_{\psi}= \frac{1}{|\Delta|}\sum_{\delta\in\Delta}\psi(\delta)\delta^{-1}\in \mathrm{Z}_{p}[\Delta]$ $Z_{\infty}=$ ( $H_{\infty}/\overline{[H_{\infty},H_{\infty}]}$ prO-p )
$\Delta$- $Z_{\infty}=\oplus e’ Z_{\infty}=\oplus Z_{\infty}^{\psi}$ H $A$
$i’\equiv i\mathrm{m}\mathrm{o}\mathrm{d} (p-1),$ $1$ $\leq i’\leq p-1$




$M_{\infty}^{S}$ K $S$ $p$ $M_{\infty}$ K $p$
$p$ $L_{\infty}$ $K_{\infty}$ $p$ $L_{\infty}’$ $K_{\infty}$





(C2) $\psi(p)\neq 1$ and $\psi$’ $(p)=\psi^{-1}\omega(p)\neq \mathrm{L}$
$p$ $(p$ , \psi $)$ -
$X_{\infty}^{\psi}\simeq X_{\infty}^{\prime\psi}$ $X_{\infty}^{\psi}$
$\psi=\chi\omega^{i}$ $i$ Mazur-Wiles
-Leopoldt $p$ $L$ $L_{p}$ (s, $\psi^{*}$ )
$X_{\infty}^{\psi}$ $\Lambda$ [18] $X_{\infty}^{\psi}$ $\mathrm{Z}_{p}$-rank
$\psi=\chi\omega^{i}$ $i$
$L_{p}$ (s, $\psi$ ) $Y_{\infty}^{\psi}$
$X_{\infty}^{\psi}$ Greenberg $\mathrm{Y}_{\infty}^{\psi}$
$p$
3.2. Special elements and acriterion. $\psi$ conductor $f$
$f_{0}=1.\mathrm{c}.\mathrm{m}(f,p)$ , $f_{n}=f_{0}p$n $F_{n}=\mathrm{Q}(\zeta_{f_{n}})\supseteq K_{n}=K\mathrm{Q}_{n}\supset k_{n}=k\mathrm{Q}$ n
$\mathrm{Q}\subseteq \mathrm{Q}_{n}\subseteq \mathrm{Q}_{\infty}$ $[\mathrm{Q}_{n} : \mathrm{Q}]=p^{n}$ $\Gamma=\mathrm{G}\mathrm{a}1(\mathrm{K}_{\infty}/K)$ .
$\gamma_{0}$ $n$ $\zeta_{f}^{\gamma 0}n=\zeta_{f_{n}}^{1+f_{0}}$ $\gamma_{0}rightarrow 1+T$
$\mathrm{Z}_{p}$ [[’]] $\Lambda=\mathrm{Z}_{p}$ [[T]] Zp[[F]]-
$\Lambda$- $A_{n}=A_{n}$ (K) $K_{n}$ $p$
$\psi$ Gal(K/Q) Gal(K/k) $p$ { [K: $k$]
$N_{K_{n}/k_{n}}$ : $A_{n}(K)^{\psi}arrow A_{n}(k)^{\psi}$ $X_{\infty}^{\psi}=$
lim=A\neq ( ) $\Lambda$- ( $\mathrm{G}\mathrm{a}1(L_{\infty}/K_{\infty})^{\psi}$
) $\psi$ $\Delta$ $G_{\psi}(T),$ $G_{\psi}^{*}(T)\in\Lambda$ unique
[13]
$L_{p}(s.’\psi)=G\psi((1+f_{0})^{1-s}-1)$ , $L_{p}(s,\psi)=G_{\psi}^{*}((1+f_{0})^{s}-1)$ for all $s\in \mathrm{Z}_{p}$ .
$p$ Weierstrass $G_{\psi}(T)=p^{\mu}g$\psi (T)u(T), $G_{\psi}^{*}(T)=p^{\mu}g_{\psi}^{*}(T)u$\sim T)
$\mu$ $g\psi(T),$ $g_{\psi}^{*}(T)\in \mathrm{Z}_{p}$ [T] distinguished polynomial.
$u(T),$ $u^{*}(T)\in\Lambda^{\mathrm{x}}$ FerrerO-Washington $\mu=0$
$[4]_{\text{ }}$ $\langle$ (cf. [19])
(C3) $g\psi(T)=T-\alpha$ , $\alpha\in p\mathrm{Z}_{p}$ , $\alpha\not\equiv$ O, $f_{0}\mathrm{m}\mathrm{o}\mathrm{d} p2$
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$g_{\psi}^{*}(T)=T-\alpha_{:}^{*}$ $\alpha^{*}=L\mathrm{o}1\mp^{\frac{-\alpha}{\alpha}}$
$\mathrm{Y}_{n}$ (T), $Y_{n}^{*}(T)\in \mathrm{Z}[T]$
$\mathrm{Y}_{n}(T)\equiv\frac{(1+T)^{p^{n}}-(1+\alpha)^{p^{n}}}{T-\alpha}\mathrm{m}\mathrm{o}\mathrm{d} pn+1$, $Y_{n}^{*}(T) \equiv\frac{(1+T)^{p^{n}}-(1+\alpha^{*})^{p^{n}}}{T-\alpha^{*}}\mathrm{m}\mathrm{o}\mathrm{d} pn+1$ .
$\mathrm{e}_{\psi,n}\in \mathrm{Z}[\Delta]$
$\mathrm{e}_{\psi,n}\equiv e_{\psi}\mathrm{m}$od $p^{n+1}$ 0
Special element $\mathrm{I}$ : Circular unit
$=(N_{F_{n}/K_{n}}(1-\zeta_{f_{n}}))^{\mathrm{e}_{\psi,n}}\in K_{n}^{\mathrm{x}}$ .
$[10, 11]$
( -S) $0\leq x\leq n+1$
$|$A? $|\geq p^{x}\Leftrightarrow c_{n}^{Y_{n}(T)}\in(K_{n}^{\mathrm{x}})^{p^{x}}$
$\Leftrightarrow\iota_{\mathcal{L}}(c_{n}^{Y_{n}(T)})\in(K_{n,L}^{\mathrm{x}})^{ap^{e}}$ for every prime ideal ,$\mathrm{C}$ \dagger $p$ .





$p$ $k_{n}$ $[17]_{\text{ }}G$(X) $\epsilon=c_{n}^{Y_{n}(}$T)
$\mathrm{Q}$ $\epsilon$ $p^{x}$ $\prod_{\sigma\in \mathrm{G}\mathrm{a}1(K_{n}/\mathrm{Q})}$ $(X- \mathrm{p}\sqrt[l]{\epsilon^{\sigma}})$
$H$ (X) $H(X)$
$G$ (X$p^{x}$ ) $\epsilon$ $p^{x}$




Special element 1I: Gauss sum $F_{n}$ $\mathrm{K}\mathrm{s}$ $\chi_{\overline{\mathrm{g}}}$ : $(\mathcal{O}_{F_{n}}/,\tilde{\mathrm{C}})^{\mathrm{x}}arrow\langle\zeta fn\rangle$,
$\mathrm{s}.\mathrm{t}$ . \chi \epsilon -(y)\equiv y(N -l)/fn mod $\tilde{\mathcal{L}}$ ( $\mathcal{O}_{F_{n}}$ $F_{n}$ )
$g_{n}’(,\tilde{\mathrm{C}})=-$ $\sum$ \chi (y)\mbox{\boldmath $\zeta$}lTr0)
y\epsilon (OFn/ )x
28
$K_{n}$ $\mathfrak{U}$ $\mathfrak{U}\mathcal{O}_{F_{n}}=$ $\prod_{i=1}^{r}\mathcal{L}$
\tilde
$ie_{i}$ $f’=f_{0}/p$
$g_{n}( \mathfrak{U})=(\prod_{i=1}^{r}$ gn/( )e) $f’\mathrm{e}_{\psi^{*},n}\in K_{n}^{\cross}$
(cf. [9])
$0\leq x\leq n+1$
$|A_{n}^{\psi}|\geq p^{x}\Leftrightarrow\iota \mathrm{r}(c_{n}^{Y_{n}(T)})\in(K_{n,\mathcal{L}}^{\mathrm{x}})^{ap^{e}}$ for $a$ prime ideal $\mathcal{L}$ \dagger $ps.t$ .
(1) $\mathcal{L}$ splits completely in $K_{n}/\mathrm{Q}$ , and
(2) $\iota \mathrm{g}*(g0(N\subset,/K_{\mathit{0}}f\mathit{2}))\not\in$ ( $I$ 0x, .)pfor $a$ p me ideal C’ $\{p\mathcal{L}$ .
Chebotarev $(1)(2)$ $\mathcal{L}$ ,$\mathrm{C}^{*}$
$|A?|$
(C1) (C2) $A_{n}^{\psi}$ $(\mathcal{E}_{n}/\mathrm{C}_{n})^{\psi}$
$E_{n}$ $K_{n}$ $C_{n}$ circular unit $\mathcal{E}_{n}=$




n(T) $K_{\infty}$ $p^{n+1}$ $g_{n}(L)^{Y_{n}^{*}(T)}$ $p$ $p^{n+1}$
( ($p$ )locally trivial )
$p^{n+1}$- $p$
(C3) $\mathcal{L},$ $\mathcal{L}^{*}$ Frobenius
$c_{n}^{Y_{n}(}$T), $g_{n}$ (L) $Y_{n}^{*}(T)$
,$\mathrm{C},$ $l\mathrm{C}^{*}$
Gauss sum $\mathcal{L},$ $,\mathrm{C}^{*}$ hobenius
circular unit, Gauss sum









Fast Fourier ?Yansform Gauss
27
sum $g_{n}$ (L) $Y_{n}^{*}(T)\mathrm{m}\mathrm{o}\mathrm{d},\mathrm{C}^{*}$
$l$ (resp. 1*) $l\equiv 1\mathrm{m}$od $f_{n}$ (resp. $\mathit{1}’\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} f_{n}l$) $g$
(resp. $g^{*}$ ) $s$ (resp. $t$ ) $s\equiv g^{*(l^{*}-1)/f_{n}}\mathrm{m}$od $l^{*}$ (resp. $t\equiv$
$g^{*(l^{*}-1)/l}\mathrm{m}$od $l^{*}$ ) $K_{n}$ $\mathcal{L}|l$ Kn( )
L*ll*& $s\equiv\chi_{L}$ (g)mod $\mathcal{L}^{*}$ $t\equiv\zeta_{l}$ mod $*$ $\mathrm{Y}_{n}^{*}(T)=$
$\sum_{j=0}^{p^{n}-1}a_{j}(1+T)^{j}=\sum_{j=0}^{p^{n}1}a_{j}\gamma_{0}^{j}$ , $a_{j}\in \mathrm{Z}$ $\mathrm{G}\mathrm{a}1(K_{n}/K_{0})$ (resp. $\mathrm{G}\mathrm{a}1(K_{n}/\mathrm{Q}_{n})$ )
$\mathrm{G}\mathrm{a}1(K_{n}(\zeta_{l})/K_{0}((_{l}))$ (resp. Gal(Kn( )/Qn(\mbox{\boldmath $\zeta$}l))) $\mathfrak{U}_{n}$ $(\mathrm{Z}/f_{n}l\mathrm{Z})\mathrm{x}$
$\mathrm{G}\mathrm{a}1$ ( $\mathrm{Q}(\zeta fn\iota)/\mathrm{Q}_{n}($ \mbox{\boldmath $\zeta$}l)) $\mathrm{G}\mathrm{a}1$ ( $\mathrm{Q}(\zeta f_{n}\downarrow)/\mathrm{Q}_{n}($\mbox{\boldmath $\zeta$}l))
( $\sum_{\tau\in \mathrm{G}\mathrm{a}1(\mathrm{Q}(\zeta_{f_{n}})/K_{n})}\tau$ ) e\Psi *,n=\Sigma m\in $b_{m}\tau_{m}$ , $b_{m}\in \mathrm{Z}$
Gauss sum
$g_{n}(\mathcal{L})^{Y_{n}^{*}(T)}=$ $( \prod_{j=0}^{p^{n}-1}(\prod_{m\in \mathfrak{U}_{n}}(-\sum_{y\in(\mathcal{O}_{n}/\mathcal{L})^{\mathrm{x}}}\chi_{\mathrm{L}}(y)\zeta/)b_{m}\tau_{m})a_{j}\gamma$
g
$)^{f’}$




$F(w)= \sum_{0\leq v<z}\zeta_{z}^{wv}f(v)=\zeta_{2z}^{w^{2}}\sum_{0\leq v<z}\zeta_{2z}^{-(v-w}$
” $(\zeta_{2z}^{v^{2}}f(v))$ .




Fast Fourier Transform Sch\"onhage-Strassen 2




$k=\mathrm{Q}(\sqrt{D}),$ $D$ >0 $k$ $\chi_{D}$ $k$ Dirichlet
$1<D<200,5\leq p<10000$ $K=k$ (\mbox{\boldmath $\zeta$}p), $\psi=\chi_{D}\omega$ i, $A_{n}(K)^{\psi}$
$\lambda_{p}$ (\psi ), $\nu_{p}$ (\psi ) $\tilde{\lambda}_{p}$ ( $\chi_{D}\omega$i) $:=\deg(g_{\chi_{D}\omega}:(T))=\lambda_{p}(\chi_{D}\omega^{p-i})$
$2\leq i\leq p-3$ (i ) (C2) $(p, \chi_{D}’)$





$p(\chi_{D}\omega^{i})=3$ 1 ( $\tilde{\lambda}_{p}(\chi_{D}\omega^{i})=0$
$(\mathrm{C}2)(\mathrm{C}3)$ $i=0$ $p$ Greenberg
28
(cf. [5, 6]) version





$D$ $p$ $i$ $D$ $p$ $i$








$0_{-}^{-}1,$ $\mathrm{i}m\epsilon w1\mathrm{a}\mathrm{r}\mathrm{p}\mathrm{r}\dot{|}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{u}\mathrm{m}\mathrm{b}\epsilon \mathrm{r}\epsilon$ $0_{-}^{-}5$
7 $\ldots\ldots-\cdot-\cdot-\cdotarrow$–$.-’$. $.$.
6 $-’.,\cdot\overline{l}’.$.
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$D=8,$ $p$ =34,301, $i=114$ $\nu_{p}(\chi_{D}\omega^{i})>0$
classical
$K$ $E$ $p$ $A$
$E$ (Kn) locally trivial cocycle
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